Abstract. In this paper we study a Ricci-Hessian type manifold (M, g, ϕ, f, λ) which is closely related to the construction of almost Ricci soliton realized as a warped product. We classify certain classes of the Ricci-Hessian type manifolds and derive some implications for almost Ricci solitons and generalized m-quasiEinstein manifolds. We consider two complementary cases: ∇f and ∇ϕ are linearly independent in C ∞ (M)-module X(M); and ∇f = h∇ϕ for a smooth function h on M. In the first case we show that the vector field ∇λ belongs to the C ∞ (M)-module generated by ∇f and ∇ϕ, while in the second case, under additional hypothesis, the manifold is, around any regular point of f , locally isometric to a warped product.
Introduction
The main aim of this paper is to classify the base of almost Ricci solitons realized as warped products. This latter was introduced in [7] and appear in a natural manner in Riemannian geometry and their applications abound. Almost Ricci solitons were introduced in [32] , currently its arise from the Ricci-Bourguignon flow as discovered recently by Catino et al. in [14] . They were motivated by traditional Ricci solitons which correspond to selfsimilar solutions of Ricci flow and often arise as limits of dilations of singularities in the Ricci flow, cf. Hamilton [26] . These two classes of manifolds are generalizations of Einstein manifolds and has been attracting a lot of attention in the mathematical community. Besides them, new classes of Einstein type manifolds arise in several different frameworks. For instance, Case-Shu-Wei [11] introduced the concept of m-quasi-Einstein manifold, i.e., a Riemannian manifold whose modified Bakry-Emery Ricci tensor is a constant multiple of the metric tensor. We wish to remind the reader that this concept originated from the study of Einstein warped product manifolds, cf. Besse [6] and Kim-Kim [30] . Indeed, a necessary condition for a warped product to be an Einstein manifold is its base to be an m-quasi-Einstein manifold. Moreover, it was showed in [30] that a compact Einstein warped product manifold with non-constant warping function does not exist if the scalar curvature is non-positive. Recently, BarrosBatista-Ribeiro [1] provided some volume estimates for Einstein warped product manifolds similar to a classical result due to Calabi [9] and Yau [34] for complete Riemannian manifolds with non-negative Ricci curvature. For this, they made use of the approach of m-quasi-Einstein manifolds. In particular, they also presented an obstruction for the existence of such a class of manifolds. An m-quasi-Einstein manifolds also arise of a flow as we shall see ahead. For more details about this subjects see [3, 4, 12, 25, 27, 31] .
Thinking of obtaining new examples of Einstein type manifolds, the next step is the construction of Ricci solitons or almost Ricci solitons that are realized as warped products. By analyzing the recent results in the literature we can notice that some Einstein type manifolds already are related to a warped product. For example, a locally conformally flat gradient almost Ricci soliton with dimension at least three is, around any regular point of the potential function, locally a warped product with fiber of constant sectional curvature. This was proved by Catino in [13] when he introduced the notion of the generalized quasi-Einstein manifold which generalizes concepts of Ricci soliton, almost Ricci soliton and m-quasi-Einstein manifold. He called a complete Riemannian manifold (M n , g), n ≥ 2, a (gradient) generalized quasi-Einstein manifold if there are smooth functions ψ, λ and µ on M n satisfying
where Ric stands for the Ricci tensor of the Riemannian manifold (M n , g). Observe that Catino essentially modified the definition of m-quasi-Einstein manifold by adding the condition on the parameter λ to be a smooth function as well as introducing a new function µ. In fact, as mentioned earlier an m-quasi-Einstein manifold (M n , g, ψ, λ) is characterized by the equation
where m is a positive integer or m = ∞, λ is a constant and Ric ψ m is the modified Bakry-Emery Ricci tensor of g.
For 0 < m < ∞ and considering the non-constant function
Hence, when m is finite, we can use (1.2) to study (1.3) and vice versa.
A particular case of a generalized quasi-Einstein manifold was well explored by Barros and Ribeiro in [5] , where they studied the case µ = 1/m in (1.1) introducing the concept of a generalized m-quasi-Einstein manifold. A good geometric structure shows that the class of compact generalized m-quasi-Einstein manifolds with constant scalar curvature is non-trivial and rigid. More precisely, let us consider the smooth functions on the standard unit sphere (S n , g), n ≥ 2,
where τ ∈ ( 1 n , +∞) is real number and h v is the height function with respect to some fixed unit vector v ∈ R n+1 . Barros and Ribeiro showed that the quadruple (S n , g, ψ, λ) is a generalized m-quasi-Einstein manifold. The rigidity of this class was proved by Barros and Gomes in [2] .
More recently, Catino et al. [15] introduced the notion of Einstein-type manifold or Einstein-type structure on a Riemannian manifold, unifying various particular cases studied in the literature, such as almost Ricci soliton, Yamabe soliton and generalized quasi-Einstein manifold. They showed that these general structures can be locally classified when the Bach tensor is null.
Coming back to the idea of construction of the Einstein type manifolds as warped products, we can say that Bryant's example appears as a prototype for this. He constructed a steady Ricci soliton as the warped product (0, ∞)× f S m , m > 1, with a radial warping function f . Bryant did not himself publish this result, but it can be checked in [16] . Other constructions of this kind can be found in [18, 23, 29] . More generally, a necessary and sufficient condition for constructing a gradient Ricci soliton warped product appear in [20] . This construction originated a class of complete expanding Ricci soliton warped products which has as a fiber an Einstein manifold with non-positive scalar curvature.
The initial idea in [20] was also used in the construction of almost Ricci solitons that are realized as warped product [21] . As a consequence of the ODE's theory, the techniques used in these two articles are generally different. In both cases the authors also discussed some obstructions to the referred constructions and especially when the base is compact. Moreover, they found in [20, 21] a new class of Einstein type metrics, namely:
) is a Ricci-Hessian type manifold if there exist real smooth functions ϕ, f, λ on M satisfying
where m is a positive integer and f is a positive function.
We will refer to (1.4) as the Ricci-Hessian type equation or fundamental equation, to f as the warping function, to ϕ as the potential function and to g as Ricci-Hessian type metric. For simplicity, we will say that (M n , g, f, ϕ, λ) is a Ricci-Hessian type manifold.
Ricci-Hessian type manifolds are generalizations of Einstein manifolds. Examples include, gradient almost Ricci solitons (hence, gradient Ricci solitons) and generalized m-quasi-Einstein manifolds (hence, m-quasi-Einstein manifolds). We emphasize that this new class of manifolds is closely related to the construction of almost Ricci solitons that are realized as warped product, they arise as base of this construction, for further details see [21] .
We point out that if ∇ϕ is homothetic vector field and λ is constant, equation (1.4) reduces to one associated m-quasi-Einstein metric (1.3). Ricci-Hessian type metrics with m = 1 and warping function satisfying ∆f +Λf = 0, for some constant Λ, can be related to static metrics. Interests in static metrics are motivated by general relativity, see for example [6, 17] . Moreover, notice that the following relation is true
where ξ = −m ln(f ) and η = ϕ + ξ. Equation (1.5) refers to a gradient almost modified Ricci soliton and, when λ is constant, to a gradient modified Ricci soliton. These two cases were studied by Freitas Filho in [22] . In particular, he showed that a modified Ricci soliton appears as part of a self-similar solution of the modified Harmonic-Ricci flow which results in a new characterization of m-quasi-Einstein manifolds. The purpose of this paper is to classify certain classes of the Ricci-Hessian type manifolds (M n , g, f, ϕ, λ) and derive some implications for generalized m-quasiEinstein manifolds and gradient almost Ricci solitons. We consider two complementary cases:
(A) ∇f and ∇ϕ are linearly independent in C ∞ (M)-module X(M); (B) ∇f = h∇ϕ for a smooth function h on M.
In the first case, we will show that the vector field ∇λ belongs to the C ∞ (M)-module generated by ∇f and ∇ϕ, while in the second case, under additional hypothesis, the Riemannian manifold (M n , g) is, around any regular point of f , locally isometric to a warped product.
Initially, we establish restrictions on the functions f, ϕ and λ that parametrize a Ricci-Hessian type manifold.
Proposition 1. For all Ricci-Hessian type manifolds (M n , g, f, ϕ, λ) we have
Proposition 1 allows to deduce the following theorem that resolves the case (A). For what follows an f -hypersurface is the submanifold of M that is given by inverse image of a regular value of f . We say that (M n , g) is ϕ-radially flat if its curvature tensor satisfies Rm(·, ∇ϕ)∇ϕ = 0. Also we shall consider the curvature form given by
In the case (B) we have the following results in the context of the Ricci-Hessian type manifolds with harmonic Weyl tensor. Proposition 2. Let (M n , g, f, ϕ, λ), n ≥ 3, be a Ricci-Hessian type manifold with harmonic Weyl tensor. Then
In particular, the vector field ∇f is an eigenvector of the Ricci tensor provided that the vector field ∇ϕ is normal on f -hypersurfaces.
Proposition 2 allows to deduce the following theorem that resolves the case (B).
Theorem 2. Let (M n , g, ϕ, f, λ), n ≥ 3, be a locally conformally flat Ricci-Hessian type manifold with ∇ϕ normal on f -hypersurfaces. In addition, suppose that
) is, around any regular point of f , locally isometric to a warped product with (n − 1)-dimensional Einstein fiber.
The paper is organized as follows. In Section 2 we fix notation, comment about facts that will be used in our proof and list without proofs all the main formulas which are to be exploited in the course of this work. In Section 3 we derive some general formulas for a Ricci-Hessian type manifold which are to be used for the establishment of the desired results. Immediate applications will be give for generalized m-quasi-Einstein manifolds and almost Ricci solitons. We close this section showing Theorem 1. In Section 4 we study Ricci-Hessian type manifolds with harmonic Weyl tensor and as an application we prove Theorem 2. This proof is motivated by the corresponding result for gradient Ricci solitons proven in [10] and for generalized quasi-Einstein manifolds proven in [13] . In our case, it was necessary to be careful with the set of zeroes of the gradient vector field ∇ϕ that we denote by Z ϕ (see Remark 2) . Besides, we focused on using of two important facts, one of them due to Derdzinski [19] and other is the Proposition 16.11 in [6] . So, two cases was carefully drafted in Proposition 4. We point out that the formulas established in Sections 3 and 4 are applicable to Ricci solitons, almost Ricci solitons, m-quasi-Einstein manifolds and generalized m-quasi-Einstein manifolds. We also make some concluding remarks in Section 5.
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Preliminaries
Let M n × f F m be a warped product of two Riemannian manifolds with warped metric g = g M + f 2 g F . Suppose that, for some smooth functions ϕ and λ on M,
is a gradient almost Ricci soliton, i.e., its Ricci tensor satisfies
whereφ andλ are the lift of the smooth functions ϕ and λ on M to M n × f F m , respectively. On the other hand, it is known that the Ricci tensor of warped product
Then, on the base M holds true
which motivates the equation mentioned in the Definition 1. In our context, we emphasize that the notion of Ricci-Hessian type manifolds is natural not only because of the latter equation but also for the fact that a Ricci-Hessian type manifold, under some additional conditions for f , ϕ and λ, is the base of a gradient almost Ricci soliton warped product with m-dimensional fiber (which is necessarily an Einstein manifold), warping function f , potential functionφ and soliton functioñ λ, for further details see [21] .
The following example shows that the standard sphere and the hyperbolic space both possess the Ricci-Hessian type structure.
be the standard sphere S n or the hyperbolic space H n for τ = 1 or τ = −1 respectively. We denote by h v the height function with respect to a fixed unit vector v ∈ R n+1 . Then for each real number m = 0, the
Indeed, we get
and the result follows.
Remark 1 ([20]
). Its worth mentioning that the class of generalized m-quasiEinstein metrics is a subset of the class of the Ricci-Hessian type metrics. In fact, for a generalized m-quasi-Einstein manifold (M n , g, ψ, λ) satisfying (1.2) we can take m = 4r, ϕ = ψ 2 and f = e − ϕ r to deduce that (M n , g, ϕ, f, λ) satisfies a RicciHessian type equation. In contrast, if we assume that (M n , g, ϕ, f, λ) satisfies (1.4), then by a straightforward computation we have
where ξ = −m ln(f ) and η = ϕ + ξ (note that η = ξ in (2.1)).
From now on, ∇ will stand for the Levi-Civita connection on a Riemannian manifold (M n , g) with Riemann curvature tensor Rm given by
The Weyl curvature tensor W of (M n , g) is defined by the following decomposition formula
where S is the Schouten tensor defined by
and S ⊙ g is the Kulkarni-Nomizu product given by
for Ric(·, ·) = g(Ric(·), ·) and R denoting the trace of Ric. A Riemannian manifold (M n , g) is locally conformally flat if each point of M lies in a neighborhood which is conformally diffeomorphic to an open subset of Euclidean space R n with the canonical metric g • , i.e., if there is a diffeomorphism Ψ : As long as that the Cotton tensor is denoted by
The divergence of a (1, r)-tensor T in (M, g) is defined as the (0, r)-tensor
where p ∈ M, v ∈ T p M, ∇ stands for the covariant derivative of T and tr is the trace calculated in the metric g. In particular, it is known that
A Riemannian metric has harmonic Weyl tensor if the divergence of W vanishes. In dimension three this condition is equivalent to local conformal flatness. In dimension n ≥ 4, the harmonic Weyl tensor is a weaker condition since local conformal flatness is equivalent to the vanishing of the Weyl tensor. We recall that the Weyl tensor is the main invariant under conformal changes.
We shall consider the wedge product for 1-forms α and β given by determinant convention α ∧ β = α ⊗ β − β ⊗ α. In this paper we will be constantly using the identification of a (0, 2)-tensor T with its associated (1, 1)-tensor by the equation
Thus, we get div(φT ) = φdivT + T (∇φ, ·) and ∇(φT ) = φ∇T + dφ ⊗ T for all φ ∈ C ∞ (M). In particular, we have div(φg) = dφ. The next identity will be crucial: 2divRic = dR. (2.7) It is known as twice contracted second Bianchi identity. Moreover, by a straightforward computation, we have
. These identities will be used without further comments.
Auxiliary results and proof of Theorem 1
In this section we shall present some properties which will be useful for the establishment of the desired results. Let us deduce, for a Ricci-Hessian type manifold, general formulas that apply to Ricci solitons, almost Ricci solitons, m-quasiEinstein manifolds and generalized m-quasi-Einstein manifolds.
is a Ricci-Hessian type manifold, then the following relation holds
Proof. By covariant derivative of the fundamental equation, we get
Using identity (2.9) in (3.2) we obtain (3.1).
Lemma 2. For all Ricci-Hessian type manifold (M n , g, ϕ, f, λ) we have the following equivalent equations:
Proof. Given a point p ∈ M, consider {E 1 , . . . , E n } a base for T p M. Take the inner product of (3.1) with a vector field E i and make Y = E i . Then,
Taking the sum in i we have
Since the trace commutes with covariant derivative, we use (2.7) to assert
Hence, (3.5) turns
Being (3.6) valid for all X ∈ X(M), it is equivalent to
Replacing (3.8) in (3.7) we obtain (3.3). On the other hand, substituting Ric(∇f, ·) and Ric(∇ϕ, ·) in (3.7) for their identifications given by fundamental equation and using identity (2.8) we deduce equation (3.4).
Proof of Proposition 1.
Proof. Multiplying equation (3.4) by f 2 and applying the exterior derivative we get
Now, dividing by f and regrouping some terms we have
The substitution of
in the last term of (3.9) yields the first part of the proposition, i.e,
The exterior derivative of (3.10) gives the second part.
where u = e − ψ m . In particular, for n ≥ 2, ∇λ = η∇ψ, for some function η on M n .
Proof. Taking u = e − ψ m , equation (1.2) of (M n , g, ψ, λ) can be rewritten as (1.3). Hence, considering ϕ to be constant in item (1) of Proposition 1, we obtain (3.11). Since n ≥ 2, we have dλ ∧ dψ = 0, thus we conclude our statement.
We point out that Corollary 1 is a extension of the almost Ricci soliton case proved in [32] to the generalized m-quasi-Einstein manifolds case. This last case was demonstrated very recently in [28] by using a technique analogous to [32] , but with the restrictions n ≥ 3 and m < ∞. Due to this last restriction, the result in [28] is not applied to almost Ricci soliton. However, our technique allows to obtain the result in [32] as proved below.
Corollary 2 ([32]). For all almost Ricci soliton
In particular, ∇λ = η∇ϕ for some function η on M n .
Proof. Observe we always can complete the fundamental equation of an almost Ricci soliton (M n , g, ∇ϕ, λ) with a constant positive function f , such that we can apply the first item of Proposition 1 in order to obtain (3.12), which is sufficient to conclude the corollary.
Proof of Theorem 1.
Proof. The result immediately follows from part two of Proposition 1 and the assumption of linear independence of the vector fields ∇f and ∇ϕ.
Ricci-Hessian type manifold with harmonic Weyl tensor
In this section we prove properties concerning to harmonicity condition of the Weyl tensor.
Lemma 3. Let (M n , g, ϕ, f, λ) be a Ricci-Hessian type manifold. If (M n , g), n ≥ 3, has harmonic Weyl tensor, then
Proof. For n > 3 and divW = 0, from (2.5) and (2.6) we have that S is Codazzi. For n = 3 this condition is equivalent to local conformal flatness. By (2.3) a direct computation yields
From Lemma 1 and (4.2) we obtain
Multiplying the last equation by f m and reordering its terms we get the desired formula.
We denote Z ϕ the set of zeroes of the gradient vector field ∇ϕ of the potential function ϕ of an Ricci-Hessian type manifold (M n , g, ϕ, f, λ). Since Z ϕ can be extremely large, we will assume from now on that it can be at most a discrete subset of M. For instance, it is well known that non-trivial gradient conformal vector fields has at most two zeroes (see [33] ). However, it is noteworthy that the existence of a gradient conformal vector fields on a Riemannian manifold imply geometric restrictions on the manifold. Remark 2. As already mentioned, a Ricci-Hessian type manifold can becomes a generalized m-quasi-Einstein manifold if we take ϕ constant. But, differently of the previous section, here this is not convenient for us, once that Z ϕ would be the whole manifold M. However, we always can convert a generalized m-quasi-Einstein manifold (M, g, ψ, λ) to a Ricci-Hessian type manifold (M, g, ϕ, f, λ), such that the set of the critical points of the respective potential functions coincide. For instance, in Remark 1 we have
and
Assuming that Z ψ is a discrete subset of M, the following results will be a natural generalization of the m-quasi Einstein manifold case to Ricci-Hessian type manifold case.
Proof of Proposition 2.
Proof. Effecting the inner product of (4.1) with ∇f we have
Follows of Lemma 2 that
Putting (4.4) in (4.3) we obtain
On the other hand, the fundamental equation (1.4) yields
From (4.5) and (4.6) we get
Now, the desired result follows from definitions of the curvature form and the wedge product.
To the particular case ∇ϕ be normal on f -hypersurfaces, we have ∇ϕ = h∇f for some smooth function h on M. Thus, Proof. Taking into account Proposition 4 and that the class of manifolds with harmonic Weyl tensor includes the class of the conformally flat manifolds, a fortiori, holds Theorem 2.
Concluding remarks
As an immediate consequence of Proposition 2 we have: If (M n , g, ϕ, f, λ), n ≥ 3, is a Ricci-Hessian type manifold with constant sectional curvature, then ∇f is an eigenvector of ∇ 2 ϕ. Indeed, since (M n , g) has constant sectional curvature, it is locally conformally flat and holds the identity Ric = (n − 1)Kg, where K is the sectional curvature of M. Furthermore, we get Ω(∇ϕ, ∇f ) = g(Rm(·, ·)∇ϕ, ∇f ) = −Kdϕ ∧ df.
From Proposition 2 we obtain ∇ 2 ϕ(∇f, ·) = γg(∇f, ·), for some smooth function γ on M. This proves our claim.
As an other consequence of Proposition 2 we can verify that, if (M n , g, ψ, λ) is a locally conformally flat generalized m-quasi-Einstein manifold with n ≥ 3, then ∇ψ is an eigenvector of the Ricci operator. Indeed, by Proposition 2 we have Ric(∇ψ, ·) ∧ dψ = 0. Thus, in a neighborhood of any point of M there exists a smooth function η such that Ric(∇ψ, ·) = ηdψ. Since Z ψ has zero measure, this is sufficient to conclude that Ric(∇ψ) = η∇ψ everywhere on M. This fact is also verified in [8] and [13] making use of different procedure.
